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Abstract

As a sequential analogue of binomial coefficients, we consider general Fibonomial coefficients with indices in arithmetic
progressions. We give a recurrence relation and a generating matrix for the products of these coefficients. We find explicitly
the spectrum of the generating matrix by constructing new relationships between the coefficients and characteristic polyno-
mials of general Pascal matrices. We derive various identities for the general Fibonomial coefficients. Finally, we present a
matrix approach to derive a formula for sums of these coefficients.
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1. Introduction

For n > 0 and a nonzero integer A, the general Fibonacci and Lucas sequences are defined by U,,.; = AU,, + U,,_; and
Va1 = AV, + V,—1, where Uy = 0, U; = 1 and Vj = 2, V; = A, respectively. When A = 1, the general Fibonacci and Lucas
sequences {U,, V,,} are reduced to the usual Fibonacci and Lucas sequences {F,,, L,,} . The general Fibonomial coefficients
(GFCs) are formed by terms of the sequence {U,,} as follows forn > m >1land r > 1

{n} B U.Us, ... Upp,
m Uir UTUQT‘"'U'I‘(TL—’HL) . UTUQT...Urm ’

with {Z}U;T: {S}U;T = 1 and 0 otherwise. When = 1, the general Fibonomial coefficients {;}U’l are reduced to the
general Fibonacci coefficients denoted by {;}U When also A = 1, the general Fibonomial coefficients {;}U are reduced to
the Fibonacci coefficients {:ZL} 7 The Fibonomial coefficients, which are sequential variants of binomial coefficients, have
attracted a lot of attention with their interesting properties and connections with other known mathematical structures;
for more details, see [4,6,8,11,13-16,18,19].

For n > 0 and a nonzero integer A, the n x n right-adjusted general Pascal matrix P, (A) is a matrix whose (i, j) entry
is of the form

J—1 it+j—n—1
P, (A)),. = Artimn

which is reduced to the right-adjusted Pascal matrix denoted by P, for A = 1.
There are interesting relationships between the general Pascal matrix and the general Fibonomial coefficients; for
details, see [1,2,12,17].
Denote the roots of the characteristic equation 22 — Az — 1 = 0 of {U,,} by o and 3. From [12], we have that for n,r > 1,
Urn = VilUpn—1y + (=) Uy ), (1)
Vin = ViViaen) + (1) Viguoa).

The n x n right-adjusted Pascal matrix P, is defined as

e |G
n—=7/11<ij<n
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By considering the general Lucas sequence {V,,}, the authors of [12] defined the n x n general right-adjusted Pascal
matrix P, (V,.) as

i S i — 1
Py (V) = (—1)(”1)(" 7) yitimn—1 (2 B )]
=7/ hicij<n

and then show that for all m > 0,
tr (P (V2)) = ——

Observe that P, (V1) = P, (A) .Forr =1, V; = A and when A = 1, the general Lucas sequence {V,,} is reduced to the Lucas
sequence {L,}, and so the general Pascal matrix P, (V}.) is reduced to the Pascal matrix P,. The authors of [12] explicitly
derived that all the eigenvalues of P, (V;) are

™, OLT(nfl)ﬂT7 o 7arﬂr(n71)’ grn @)
and the characteristic polynomial of P, (V;) is
n—1 n
j=0 t=0 Ur

where {Z}U;T is the general Fibonomial coefficient. For » = 1, V; = A and so we choose A = 1, then P, (V1; z) is reduced to
the characteristic polynomial of the Pascal matrix denoted by P,,(z).

Matrix methods are important and very convenient tools to solve problems stemming from number theory (see [9, 10]).
Our purpose in this paper is to derive generating matrices for the products of two general Fibonomial coefficients {Z}U’T
and derive recurrence relations for them. Further, by using matrix methods, we obtain new identities for them and explicit
formulas for their sums.

2. GFCs with indices in arithmetic progress

For 1 < m < k + 1, we derive a recursion and generating matrix for products of two general Fibonomial coefficients of the

= 5 (m) n+k » n+m-—2
Anym == SUM k—m+1J,, m—1 J,,’

where the sign function is defined as

form

s (m) = (—1)(m2’_1) if r is odd,
(=)™ if r is even,

and {Z}U . stands for the general Fibonomial coefficients. Consider single general Fibonomial coefficients of the form

{k + 1}
ai,m = s(m)
m U,r
by choosing n = 1 in the definition of a,, ,.
We recall the identity F,,, = Fyn—1F, + FiFrq1 (see pp. 176 of [20]). For the sequence {U,} and k,m,n € Z, and
positive integer r, an analogue of this identity with indices in an arithmetic progression is

UrkUr(n-i-m) = UrmUr(n-i-k) + (71)7”7774 UrnUr(k—m)' (4)
Now, we give the following result.

Lemma 2.1. Forn >0, 1 <i < kand for odd r,

i—1
a1 ian1+ (—1)"7 " anit1 = At

and for even r,

A1,i0n,1 = Qn,i+1 = On41,4,
where a,, ; is defined as before.
Proof. We consider the case when 7 is even. If we simplify the identity a1 ;a,1 — ani+1 = an+1,;, We need to prove that
Ur(k+1)Ur(n+i) + UrnUr(k—i+1) = UriUr(n+k+1)-

By taking k — k + 1 in (4), the last equality can be obtained. For the case when r is odd, the proof can be found in [11]. O
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For k,r > 1, define the companion matrix G and the matrix H,, of order-(k + 1) as follows:

ar1 ai2 aisz ... Qaik+1
1 0 0 o 0 Qn,1 Qn,2 e n,k+1
. Gp—1,1 QAn-1,2 ... QGn—-1k+1
G = 0 1 0 . 0 and H, = . . . . . (5)
. ’ ’ ' . p—k1 QAn—-k2 .-+ On—kk+1
0 ‘e 0 1 0

The matrix G is referred to as the general Fibonomial matrix since its powers generate the products of two general
Fibonomial coefficients. Now, we give our first main result.

Theorem 2.1. For n >0, H, = G".

Proof. By the definition of H,, and the general Fibonomial coefficients, the proof is followed for n = 1. Suppose that the
equality holds for n > 1. Now, we show that the equation holds for n + 1. Thus, we write G*"*! = G - G" = G - H,,. From
Lemma 2.1 and the property of matrix multiplication, we get G" ™' = G- H,, = H,,,1. O

As special cases of Theorem 2.1, we note the following special consequences.

* When k£ = 1, we obtain the following fact

— Vi (_I)T—H _ (o Ur(n+1) Urn
G = { | 0 and H, = G" = .. Uty |

¢ Ifwe take A =1 and r = 1, we get the well-known fact

1 11" [ Fu1 Fa

1 0 o Fn anl '
¢ When A =1,r =3, and k = 2, we write

a1 = (1)) { ’ }Ug; 1<m<3

m
and so

Fy Fo 1 F3(n11)F3(n12) F30, F3(n42) _ F3nFy(ny1)

Fs Fs F3Fg F3F3 F3Fg
_ _ F30,F3(n41) F3(n—1)F3(nt1) F3(n_1)F3n
G = 1 0 0 and H, = N i e

0 1 0 F3(n_1)F3n F3(n_2)F3n o F3(n_2)F3(n_1)
F3Fg F3F3 FsFg

Since G is a companion matrix, we derive a linear recursion for the products of general Fibonomial coefficients by the
next result.

Theorem 2.2. For n, k > 0, the general Fibonomial coefficients satisfy the recursion

{n+k+1} % (t){k+1} {n+k+1t}
= S y
k Ur t=1 t U,r k U,r

)

where the sign function is defined as before.

Proof. By equating (1,1) entries in the equation H,,, = HiH,, we obtain a,4+11 = Zf;’ll a1,tan+1—¢,1. By using the
definition of a,, ;, the proof is obtained after some simplifications. O

Considering the general Fibonomial matrix G, we obtain the following result.

Corollary 2.1. For n,r,p > 0, the following identities hold:
) m+n+k+1 m+n+j—1 n+k+1 n+t—1
o M e G
k+1—3j U j—1 e = k+1—t U t—1 Unr
X{m+k+1t} {mtJrjl}
k_]+1 Unr ]_1 U,r’

.. N [n+1+k n+i—1 . E+1 n+k ) n+k n+i—1
(ll) S(Z){ n+i }U,T‘{ n }U,r _S(Z)S(l){ i }U,r{ k }U}T+S(Z+1){k_i}U,r{ i }U’r7

)

where the sign function s (t) is defined as before.
Proof. From the matrix multiplication, we write the equalities H,,.1 = H,H; and H,,+,, = H,H,,. If we consider these
equalities with their corresponding entries, we derive a,,nt1—i; = Zle Opt1—itOm+ti—t,; ANd apni1; = a1,i0n,1+ anit1. By
considering the definition of a,, ; and H = [h;;], we obtain the claimed results. O



A. Alazemi and E. Kili¢ / Discrete Math. Lett. 15 (2025) 1-8 4

3. The spectrum of the matrix G

We explicitly find the spectrum of matrix G. Here G is a companion matrix and we recall the fact that for the companion

matrix
C1 C2 C3 Ck
1 0 0 0
c—]0 1 o0 0|,
0 0 1 0

it is known that the (k + 1)th degree characteristic polynomial of C is

C(zx) = 2Pt —eaf — e — L — e — k.

Denote the characteristic polynomial of the general Fibonomial matrix G of order-k by G (x) . By considering the fact
just above and recalling that the first row entries of the companion matrix G are [G] Lm = 01, With

k+1
A1,m = S (m) m
U,r

for 1 < m < k, we have the next result without proof.

Corollary 3.1. For n > 0,

where the function s (t) is defined as before.

By the definition of the sign function, for odd r,

G(z)= Ii:l {k + I}U’T (_1)(t§1) L1t

t
t=0

and for even r > 0,
k+1

ow=3{"]"} o

t=0
In [3,5-7], it was shown that the kth power of generalized Fibonacci numbers {U,,,.} with indices in arithmetic progres-
sions satisfies the following polynomial for r > 0:

Cn (z) = % {k + I}UJ (_1)(%1) ZhH1t

t
t=0
that is, we have that
aa A .
Z{ t }U ,(_1)( ’ )Uf(n+k+1ft> =0.

t=0

The authors of [1,3] showed that the characteristic polynomial P (z) of the right-adjusted Pascal matrix P, (V1) = P, (A)
for A = 1 is also equal to the polynomial C (z) and so C (z) = G (x) = P (z) . Thus, we collect these results and derive the
following remark:

¢ the characteristic polynomial P (x) of the order-k general right-adjusted Pascal matrix Py (V,.) for A =1,
¢ the characteristic polynomial G (z) of the order-k general Fibonomial matrix for odd r, and
* the auxiliary polynomial satisfied by the kth power of generalized Fibonacci numbers {U,,, }

are the same.
From [3], we have the next result.

Corollary 3.2. The roots of the polynomial P (z) of the general right-adjusted Pascal matrix P (A) of order-k are given by

L A if k=21,

0<j<t-1
{<_1)t7 (—1)7 k=172 (~1) 5k—1—2j} ifk=2+1,

0<j<t—1

where o, f = (A + VA2 +4) /2.
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By considering the polynomial equality G (z) = P (x) and Corollary 3.2, we have the eigenvalues of the Fibonomial
matrix G as the roots of P (z).

Corollary 3.3. The eigenvalues of the Fibonomial matrix G of order-k are given by

{(_1)jr ar(k=1-23) ()" Br(k—l—%‘)} if k = 2t,
0<j<t—1

{(=D)7, (-1 arte1-2, (—1>”ﬁ“’“l”ﬂ}oqﬁH if k=2t+1,

where o, 3 = (A + VA2 +4) /2.

For example, for £ = 3 and » = 2, we consider the general Fibonomial matrix G of order 4. Thus,

Us _UsUs Us -1
U2 U2U4 U2
1 0 0 0
= H,=G"
G 0 1 0 0 and so H, = G",
0 0 1 0

where H,, = [h;;] with

hn(l)j“{"ﬂ.z} {”?“1} 1< <4
4=7 Juo J—1 U,2

)

The characteristic polynomial of the matrix G is

G(x) = 24:(—1? {j}mx“

t=0 ’

and its roots are o®, o, 1, 8%, 8% where o, = (A £ VA2 + 4) /2.

Corollary 3.4. Denote the eigenvalues of the Fibonomial matrix G of order-k by yu; for 1 <i < k. Then

1_1( ) = _ s(0) {’j}U

In [2], the authors showed that tr (P, (1)) = [ﬁ“ﬂ’f , where P, (A) is the general Pascal matrix. Generalizing the result
of [2], the authors of [12] proved that

Urkn
U,
Since the matrices H,, and P}’ (V;.) of order-k have the same eigenvalues, we obtain
Urkn
U,

Since all eigenvalues of H,, are determined, we easily get the next result.

tr (P (V1)) =

tr(H,) =

Theorem 3.1. For n > 0,

lk—1/2] 4 1
tr(Ha) = Y (=)™ Vigoagr 5 (14 (-1").
=0

4. Diagonalization of G and the Binet formula

In this section, we diagonalize the general Fibonomial matrix G and then derive the Binet formula for the general Fibono-
mial coefficients {Z}U .- By the definitions, since the eigenvalues p1, s, . . .,y of G of order-k are distinct from each other,
the matrix G can be diagonalized.

Define order-k£ Vandermonde matrix V and order-k diagonal matrix D = diag(u1, p2, - - -, ftx) as
ko k k
/{1 /{2 e M‘k 11
: : : iD H2
V=|w w3 ... | amdD=
M1 M2 Pk
11 .1 Hi

Since p; # p; for 1 <i,5 <k, detV # 0. Let Vj(i) be the matrix of order-k obtained from V' by replacing the jth column of

V by w; where

_ n—it+k+1 n—i+k+1 n—i+k+1 17
wi*[/ﬁ Ha cee M ] .

We give the Binet formula for the generalized Fibonomial coefficients.
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Theorem 4.1. For n > 0,
det (Vj(z))
On—itlyj = —T
det (V)
Proof. Since all eigenvalues of the matrix G are different from each other, it can be diagonalized. We write V'GV = D
or GV = VD and so G"V = VD". Since V is an invertible matrix and G = H,, = [h;;], we write G"V = H,,;,)V = VD"
Also, we obtain

hirph + hiop ™ + o+ hipeopd + higpn + b = pp T TR

Ry it 4 i ™ . hygopd 4 Ry e 4 hi g = ph TR

itk + hmu’;:_l oot R o + Ry + hig = MZ_HHI-

Thus, by Cramer’s rule, we have the solution #; ; = det (Vj(i)) / det (V). O

Let Vj(ei) be a k x k matrix obtained from the Vandermonde matrix V by replacing the jth column of V by e; where V'
is defined as before and e; is the ith element of the natural basis for R" and

[ uh Wiy 0 ]
b=+ M?:{‘H 0 uﬁ;‘ﬂ ph=itt
k—i k—i k—i k—i
vie) _ Hy iy 1oy My,
J k—i—1 k—i—1 k—i—1 k—i—1
My j—1 0wy k
P pi-r 0 g [k
1 ... 1 0 1 ... 1 |
‘L.
Let qji) = ‘Vj(ei) / |V | where the k x k matrices Vj(e"') and V are defined as before.
Theorem 4.2. For 1 < n,m <k, it holds that a,, ., = qu)u?M, where i1, pa, . . ., pi are the eigenvalues of the matrix G.
Proof. Consider the Cramer’s rule solution of the system
L 13 w1 ™ [0 ]
Z2
phmtl kil ki : 0
piT s ol e
N e T 2 0
H1 H2 cee Hi Th—1 0
1 1 SR I R, 0
L i ] LY
then we obtain
© "/J(ez)
qj = |V| (2—1,2,.. ,k)

Thus, for n,k > 0and 1 <m < k,

which completes the proof. O
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For example, when A = 1, we get o, 8 = (1 £ /5) /2 and if we choose k = 2 and r = 3, then

Fy Fo 1 F3(n11)F3(nt2) F3n,F3(n42) _ FsnFyny1)
Fs F; Fs3Fg FsF3 Fs3Fg
_ _ F3n,F3(n41) F30n—1)F3(nt1) F3(n_1)F3n
G = 1 0 O and H, = N i 55
0 1 0 F3(n_1)F3n F3(n_2)F3n _ Fyn_2)F3(n—1)
F3Fg F3F3 F3Fg

Thus, by Theorem 4.2, we find equivalent statements for the entries of the general Fibonomial matrix G = H,,. Denote

the eigenvalues of the general Fibonomial matrix G, 23 — %xQ - %x +1=0,byvy = ab~y = 3%+3 = —1. After some
computations, we obtain
1) _ 1 (1) _ 1 (1) _ 1
N = i) 2 = Gem) -7’ B = o) (-’
(2) _ Y2+73 (2) _ Y1it+vs (2) — _ Y1tz
U =" mm . 2T mewtme) B (2—78) (1 —s) *
(3) — Y273 (3) — Y173 (3) — Y172
N = i) (i) 2 M) (e 93 (v2=v3)(v1—3) ~

Therefore, by Theorem 4.2 and some arrangements, we obtain

Font12 + Fonte + Fo (—1)"

Fs(ny2) — Fon — Fi2 (—1)"
10 ’

40

and F3,F3(nq0) =

F3tni1) Fa(ny2) =

5. Sums of Fibonomial coefficients

We formulate the sum of the general Fibonomial coefficients with indices in arithmetic progressions of the form

nl(k+i
=50
1=0 Ur

via matrix methods by extending G which is given in (5). Define the extended matrices 7" and W, of order-(k + 2) as

0 ... 0

O~ =

Sn—k+1

where the sum S,, and the matrices G and H,, are defined as before. By the definition of the matrix H,, = [h; ;| , we note
that S,, satisfies

n—1 . n—1
Sn = Z {k;_l}UT = Zai,h

i=0 i=0
where a; 1 = hy,—;+1,1. Then we have the next result.

Theorem 5.1. For n > 0, it holds that T" = W,,.

Proof. Because of the fact that S,,11 = a,,1 + .5, and Theorem 2.1, we derive matrix-recurrence relation W,, = W,,_;T. By
the induction method, we write W,, = W;7"~!. By the definition of W,,, we obtain W; = T and so W,, = T". O

From Corollary 3.3, we know that the Fibonomial matrix G has the eigenvalue 1 for both even r and k¥ = 0 (mod?2).
Expanding the det (ulx+1 — T) with respect to the first row, we see that the matrix T has also the eigenvalue 1. Thus,
the matrix T has double eigenvalue 1 for even r and k¥ = 0 (mod2). For odd r and k¥ # 0 (mod2), we cannot diagonalize
the matrix T as it has a double eigenvalue, or in general, the matrix 7" does not have a linear independent eigenvector
associated with the double eigenvalue 1. So, we could not derive an explicit formula for the sum S,,.

Define the matrix M of order k + 2 as

where .

k+1
0= (1 — Z U;]J)
i=1

and the Vandermonde matrix V is defined as before.
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It is observed that TM = M D,, where T is as before and D, = diag (1, 1, pt2, - - -, ). By the Vandermonde matrix V,
computing det M with respect to the first row shows det M = det V.

Theorem 5.2. For even r and k > 0 and for n > 0, it holds that

an,1 + Qp 2 +---+ Ap k+1 — 1
k+1 :
> ity a1 — 1

Proof. Since M is invertible, it holds that M~'TM = Dy; that is, T is similar to D;. Thus, we write 7"M = M D}. By
Theorem 5.1, we have W,, M = M D7 . By equating the (2, 1)-th elements of W,,M = M D} and doing a matrix multiplication,
we obtain the desired result. O

S, =
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