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Abstract

In 1968, Vizing conjectured that for every pair of graphs X and Y, the inequality v(XOY) > ~v(X)y(Y) holds, where ~
stands for the domination number and XY is the Cartesian product of X and Y. In a breakthrough result, Clark and Suen
[Electron. J. Combin. 7 (2000) #N4] proved that v(XOY) > 2~(X)y(Y). In this paper, a lower bound for v(XOYDZ) is

obtained using projections in the space. It is shown how the obtained bound implies the mentioned result of Clark and Suen.
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1. Introduction

Let G be a simple finite graph and let V(G) be its set of vertices. We say that a vertex v € V(G) dominates a vertex v if
u = v or v is adjacent to u. A dominating set of G is a subset S of V(G) whose vertices dominate all the vertices of G. The
domination number of G, denoted as v(G), is the size of a smallest dominating set of G.

The Cartesian product XY of two graphs X and Y is the graph whose vertex set is V(X) x V(Y) and whose edge set
is defined as follows: T'wo vertices (z1,y1) and (z2, y2) are adjacent in XY if either 21 = x5 and y; and y-» are adjacent in
Y, or y; = y2 and z; and z, are adjacent in X. By definition, the Cartesian product of graphs is commutative, in the sense
that XY is isomorphic to YOX. For y € V(Y), the subgraph of XUV induced by {(z,y) | z € V(X)}, is called an X-fiber
and denoted as XV.

In 1968, Vizing conjectured in [6] that for every pair of graphs X and Y, v(XOY) > v(X)~y(Y). Since then, many authors
have found weaker lower bounds for v(XOY). For example, Clark and Suen showed in [2], that v(XOY) > 1~(X)y(Y).
This lower bound was improved by Suen and Tarr in [4], and recently by Zerbib in [7].

The result of Clark and Suen implies that for a triple of graphs, X, Y and Z, we have (X0OYOZ) > 1(X0OY)y(2) >
17(X)¥(Y)v(Z). The main result of this paper, Theorem 2.1, provides a lower bound for v(XOYOZ) which can be used to
re-obtain the mentioned result of Clark and Suen. To prove it, we use a modification of the new framework, to approach
Vizing’s conjecture, developed in [1].

2. Results

Let X and Y be graphs with v(X) = &k and (YY) = r. Consider {uy,---,u;} to be a minimum dominating set of X and
{v1,--+ ,v,} to be a minimum dominating set of Y. Let 7 = {m; ;;1 < i < k,1 < j < r} be a partition of V(XOY') chosen so
that (u;,v;) € m;; and m; ; € N[u;] X NJv;] forany 1 < i < kand 1 < j < r, where N|x] is the set containing x and all the
vertices adjacent to it. Let Z be a graph and define Z, ; := 7, ; x V/(Z). For a vertex z € V(Z), the set of vertices m; ; x {z} is
called a cell, and is denoted 77 ;. We may say that the cell 77 ; belongs to Z; ;, and from the other perspective it also belongs
to the fiber (XOY)=.

For a natural number k, the set {1,---,k} we be denote by [k]. Let D be a minimum dominating set of X(OYJZ. For
(4,7) € [k] x [r], let D; ; = DN Z; ;. Similarly, we denote D* = D N (XOY)* for z € V(Z). We color the cell 77 ; blue if
m;;ND # 0 and 7} ; is dominated by D*. The cell 77 ; is colored green if 77 ;N D # () and 7} ; 1s not dominated by D*. Finally,
we color the cell red if it is dominated by D* and no vertex of 77 ; is dominated by D; ;. All the remaining cells in (X[OY)*
are colored white. Note that exactly the cells with color blue and green contain vertices of D. In the set V(XOY[Z) we
only color the vertices of D as follows. The vertices in D N} ; are colored blue (resp. green) if the cell 77 ; is blue (resp.
green). This coloring of the vertices of D is a partition of D into subsets of blue vertices and green vertices.
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Example 2.1. Consider the three graphs X,Y and Z with vertex sets
V(X) = {71, 72,73, 74,75, %6, 27,78}, V(Y) = {y1,92,¥3,Y1,Ys5}, V(Z) = {21, 22, 23} respectively and edge sets defined as
follows

E(X) = {331332,3313?3, LT3, L2X6, L3L4, LL5, L5L6, L5L8, LELT, 337378},

E(Y) = {y1y2, Y194, Y23, Y2Ys5, Y3y, Ya¥ys },

and
E(Z) = {2’12’2, 2223}.

It would be easy to check that the domination number of X is 3, of Y is 2 and that of Z is 1. Consider the dominating sets
{29, 25,27} and {y2,ys} of X and Y respectively. Let m = {m1 1, 71,2, 21,22, 73,1, T3.2} be the partition of V(XOY') where:

11 = {(x1, 1), (x2,91), (T3,91), (1, 42), (T2, 42), (T3,42) },

T2 = {(21,93), (22, 93), (23, 43), (1, y4), (T2, y4), (23, 94), (21,5), (22, 45), (3, 95)
m21 = {(z4,91), (5, 91), (T4, y2), (5, ¥2) },
Ta2 = {(4,93), (x5, ¥3), (x4, 94), (5, y4), (26, 94), (24,y5), (x5, y5)},
73,1 = {(26,y1), (@7, 91), (w8, 91), (w6, ¥2), (w7, 42), (T8, 92), (w6, y3), (27, y3), (28, ¥3),
(6,5), (x7,Y5), (Ts,Y5)},
T30 = {(27,44), (z8,y4) }-

We used SageMath [3] to verify that the domination number of XOY[1Z is 19 and that a minimal dominating set is given
by
D= {(xlv Y4, zl)v (m27 Y2, Z1)> ($4, Y2, Zl)a (l‘5, Ya, Zl)a (1‘67 Ya, Zl)7 (mSa Y2, Zl)7 (373’ Y1, 22)7 (-TSa Y3, 22)7

(373, Ys, ZQ)7 (1'5, Y2, 22)’ (337, Y1, ZQ)a (aj7ay37 ZQ)a ('r77y5a 22)7 ('r17y2a 23)7 (x27y4a Z3)7
(334, Ya, Z3)7 (335’ Y2, 23)’ (xﬁay27 Z3)’ (I87y4a Z3)}

In Figure 2.1, we show the coloring of the cells in blue, green, red and white (cells with dashed edges) as well as the
coloring of the vertices of D in blue and green. The cells in the bottom correspond to the layer (XY )*', those in the middle
correspond to the layer (XY )*2, while on the top figures the cells of the layer (XY )*s. The reader is invited to check that
the colors given to cells agrees with our construction. For example, the cell w3, is colored blue since it contains a vertex of D
and all its vertices are dominated by D N (XOY)* while w7, is colored green since it contains a vertex of D but the vertex
(z3,91,21) € 7(; and is not dominated by any vertex in D N (XOY)*. Also, w3, is colored red because it contains no vertex
of D and all of its vertices are dominated by D N (XOY')*', but w57 is colored white because it contains no vertex of D and
some of its vertices, (x4,y4, 22) for example, is not dominated by D N (XOY)*2.

Now let b, be the number of blue cells in the fiber (XOY)* and ¥’ be the total number of blue cells in XOY[Z. We define
analogously ¢, and ¢’ associated with the green cells, r,, and ' associated with red cells and w/, and w’ associated with
the white cells. Also, let b, denote the number of blue vertices in (XY ')* and let b be the total number of blue vertices in
XOYDOZ. In an analogous way define g, and g, associated with the green vertices. It would be clear that b, > b, b > ¥/,
9: 2 9.,9=9 and [D| =b+g.

Lemma 2.1. O/ + ¢ + 7' > y(X)y(Y)v(2).

Proof. For any (4, j) € [k] x [r], in the projection pz of the cells of Z; ; to Z, let the vertex z = pz(n} ;) receive the color of
the cell 77 ;. Let B; ;, G, j, Ri ; and W, ; be the resulting set of vertices in Z colored blue, green, red and white respectively,
for each (i, j) € [k] x [r]. Since in each white cell 7} ;, there should be a vertex covered vertically by a blue or a green vertex,
then it would be clear that the disjoint union B; ; U G; ; U R; ; dominates Z. That is |B; ;| + |G, ;| + |Ri ;| > ~v(Z) for any

(i,7) € [k] x [r]. Thus,

k T k T

Vg +r' =33 (1Bl +1Gigl + |Rigl) = D> 1(Z) = WXy (Y)y(2).

i=1 j=1 i=1 j=1
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Figure 2.1: Cell coloring for the cartesian product XOYZ.
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Example 2.2. Following with Example 2.1, one can check that for any (i,j) € [3] x [2], B; ; U G, ; U R; ; dominates Z. For
example, By 5LIG2 2lUR 5 and Bs 2G5 2LIR3 o both dominate Z. In addition, b'+¢' +r' = 7+8+1 > v(X)v(Y)y(Z) = 3-2:1 = 6.

For each cell 7; ;, we define Iy (7; ;) to be |py (m; ;)|, where py is the projection map from V(XOY) to V(Y). Similarly,
define [ x (m; ;) to be |px (m; ;)|. Now define {(m; ;) to be the minimum of I x (m; ;) and Iy (7; ;),

Ui;) == min{lx (mi;), by (m,;) }
and let Lx y be the maximum of all I(7; ;),
Lxy =max{l(m;);1<i<k1<j<r}
Example 2.3. In Example 2.1, we have [(71,1) = 2, l(m12) = 3, l(72,1) = 2, I(722) = 3, l(731) = 3 and l(73,2) = 1. Therefore,
Lxy =3.
By definition, I(7; ;) < min{degy (u;) + 1, degy (v;) + 1}, where degy (u;) is the degree of the vertex u,; in X, and
Lxy <min{A(X)+1,A(Y) + 1},
where A(X) is the maximum vertex degree in X.
Lemma 2.2. Lyyr' <b+g—Lxyb +|V(Z2)|(Lxyv(X)y(Y)—~(X0OY)).

Proof. For any z € V(Z), in the fiber (XOY)?, the blue and green vertices dominate all the vertices in the blue and red

cells. To dominate all the vertices in the green and white cells, it would be enough, for each green or white cell 77 ;, to

consider the vertices {(u;,t,2) : t € py(m; ;) } if [(m; ;)) = Iy (m; ;) or the vertices {(t,v;,2) : t € px(m; ;) } if l(m; ;) = Ix (7).
Therefore, for any z € V(Z), we have

V(XOY) = A(XOV)) < bt get S i),
TeG . UW,

where G, and W, denote respectively the set of green and white cells in (XOY)?. Using the fact that [(7) < Ly y for any
e G, UW,, we get:
F(XOY) < b, +g. + Lx,y(g. + wl).

for any z € V(Z). But for any z € V(Z), the total number of cells in (XOY)? is b, + ¢, + w,, + ., = v(X)y(Y"). Therefore, for
any z € V(Z), we have
Y(XOY) <b. + g + Lxy (v (X)y(Y) = b, —rl).

By summing over all the vertices z € V(Z), we obtain:
V(Z)y(XOY) <b+ g+ Lxy ([V(Z)y(X)y(Y) = b —17).
The result follows. O
Remark 2.1. From the proof of Lemma 2.2, one can improve the definition of Lx y and take it to be
max{l(r);m € G, UW, forany z € V(Z)}.
Houwever, this will not affect the results which will follow.
Theorem 2.1. For every triple of graphs X,Y and Z, it holds that v(XOYOZ) > af(’y, where

W)
Lxy+1

z . Lxy

axy ‘= mV(X)W(Y)W(Z) -

(Lxyv(X)y(Y) —~(X0Y)).
Proof. By Lemmas 2.1 and 2.2, we have

Lxyv(X)y(Y)(2)

IN

Lxyb +Lxyg +Lxyr
Lxyg +b+g+|V(Z) (Lxyy(X)y(Y)—~(X0OY)).

IN

Using the facts that b + g = |D| = v(X0OYOZ) and ¢’ < g < |D|, we get
Lxyv(X)v(Y)(2) < (Lxy + 1)y(XOYDZ) + [V(Z)] (Lxyy(X)y(Y) —(XOY)) .

The result follows. O
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Using the fact that the Cartesian product of graphs is commutative and associative, we have the following result.

Corollary 2.1. For every triple of graphs X, Y and Z, the following inequality holds:
~(XOYOZz) > max{a)z(yy, a?z, a})f’Z}.

Remark 2.2. In the lower bound obtained in Theorem 2.1, Lx y depends on the choice of the partition of V(XOY'). However,
as it will next appear, for some graphs X with a few number of vertices, the value of Lx y will be limited to 1 or 2.

Example 2.4. In this example, we fix X = P>, Y = Py and Z = Py, where P,, P; and P, are the path graphs on two, three
and four vertices respectively. As stated in Remark 2.2, in general Lx y depends on the choice of the partition of V(X0OY).
But obviously, taking the (trivial) partition of V(P,[OPs) which consists of putting all the vertices of V(P,OP3) in one cell
implies that Lp, p, = 2. In addition, it can be easily seen that one may take partitions of V(P.OP,) and V (P;0P,) so that
Lp, p, =2and Lp, p, = 2. Since, y(P,0P3) = 2, v(P.0OP;) = 3 and v(Ps0P;) = 4, by Theorem 2.1, we have:

2 4 4
Py

=2 1.1.2—- "~ (92.1.1-9)= -
aP2’P3 2+1 2_|_1( ) 3’
2 3 1

P: _ _
O‘P§7P4—2+11'2'1_2+1(2'1'2_3)_§’
4
3

2 2
Py
=—1.2.1—-——(2-1-2—4)=
YRR T 5 711 )

This implies by the Corollary 2.1 that v(P,OPs0OP,) > 2.

Corollary 2.2 (Clark and Suen, [2]). For any two graphs Y and Z, the following inequality holds:

Y(YOZ) > =y (Y)v(Z).

N =

Proof. Applying Theorem 2.1 for the trivial graph X, it would be clear that v(X) =1 and Lx y = 1. As such,

v, y 1

V(XOYDZ) = (YOZ) > 7Y )1(2)

1

2

O

In [5], after a major change to the projection method developed in this paper, it is shown that for any pair of graphs

X and Y, the inequality v(XOYOP;) > 2+(X)y(Y) holds; and in general, it holds that v(XOYOP,) > ¢, v(X)v(Y)v(P,),
where ¢, is almost % when n is big enough.
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