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Abstract

The degree of a vertex v in a graph G is denoted by d¢(u). The symmetric division deg (SDD) index of G is denoted by
SDD(G) and is defined as SDD(G) = 3_, c p(e)lda(z)/da(y) + da(y)/da(z)], where E(G) is the set of all edges of G. A
connected graph with the same number of vertices and edges is known as a unicyclic graph. The girth of a unicyclic graph
is the number of edges of its unique cycle. This paper solves the problem of characterizing graphs attaining the first two
minimum values of the SDD index over the class of all unicyclic graphs of fixed order and with a given girth. Applications
of the obtained results yield the solution to the problem of determining graphs having the first three minimum values of
the SDD index among all unicyclic graphs of a given order.
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1. Introduction

The graphs considered in this paper are connected and finite. The graph-theoretical terms used in this paper, but not
defined here, can be found in some standard books, like [6,7,14].

By a graph invariant, we mean a property of graphs that is preserved by graph isomorphism. We remark here that a
graph invariant may be the same for two non-isomorphic graphs. In chemical graph theory, the graph invariants that take
only real numbers are often referred to as topological indices [21,24] or molecular (structure) descriptors. Many topological
indices have chemical application; for example, see [12,13,20]. The symmetric division deg (SDD) index, introduced in [23],
is a topological index that has a strong correlation with the total surface area of polychlorobiphenyls [23]. This topological
index, for a graph G, is defined as

SDD(G) = Z (Zc(x) i dG(U)) ’ 1)
o \daly) " do()

where FE(G) is the edge set of G and dg(x) denotes the degree of the vertex € V(G). The ratios of the arithmetic and
harmonic means of the degrees of the end-vertices of edges of G may also be used to produce a topological index involving
the SDD index (see [2]). Also, the SDD index of G can be rewritten [4] as

(de(z) — da(x))?
dg(z)da(y)

SDD(G) =2[E(G)|+ >
zy€E(G)

which may be preferred over the formula (1) in certain circumstances. Furtula et al. [10] compared the applicability of the
SDD index with certain popular topological indices and found it as a viable topological index, surpassing the predictive
performance of several indices. Vasilyev [22] appears to have started the comprehensive study of mathematical aspects
related to the SDD index. Most of the known bounds and extremal results related to the SDD index can be found in the
survey paper [5]. Das [8] solved one of the open problems, concerning the SDD index, posed in [5]. In the recent paper [3],
an upper bound on the SDD index of a graph in terms of its order, size and maximum degree is derived. The reader may
also consult the references [1,9,11, 15,16, 18,19] for additional detail about the SDD index.
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A (connected) graph with the same number of vertices and edges is known as a unicyclic graph. The girth of a unicyclic
graph is the number of edges of its unique cycle. The present paper solves the problem of characterizing graphs attaining
the first two minimum values of the SDD index over the class of all unicyclic graphs of fixed order and with a given
girth. Applications of the obtained results yield the solution to the problem of determining graphs having the first three
minimum values of the SDD index among all unicyclic graphs of a given order. The latter problem was solved partially by
Vasilyev [22] and completely by Pan and Li [17].

2. Preliminaries

In this section, we define some notations and terms used in the subsequent section.

A graph of order 1 is known as a trivial graph. By an n-order graph, we mean a graph with order n. The n-order path
graph and cycle graph are denoted by P,, and C,, respectively. For a vertex x of a graph G, we use the notation Ng () to
represent the set of all those vertices of G that are adjacent to z. The members of N (x) are called the neighbors of z. A
vertex z of a graph G with dg(z) = 1 is known as a pendent vertex. A non-trivial path P : z;22 - - -z, in a graph G is said
to be a pendent path of G if

min{dg(z1),dg(xp)} =1, max{dg(z1),dg(zp)} >3, and dg(xz;)=2 when2<i<p-—1.
We end this section with the following known result, which is used in the proofs of the main results of this paper:

Lemma 2.1 (see [17]). For a graph G having m edges and r pendent paths, the following inequality holds:

2
SDD(G) > 2m + §T

3. Results

Denote by %, the set of all n-order unicyclic graphs with girth &, where 3 < k < n. Certainly, set class U}_,%, 1 consists
of all n-order unicyclic graphs. Note that the class %, ,, consists of only the cycle graph C,,. Also, observe that the class
WUy, m—1 consists of only one graph; namely, the graph obtained from the cycle graph C,,_; by attaching exactly one pendent
vertex to any vertex of C,,_;. For 3 < k < n — 2, denote by &L, ;, the n-order graph created from the k-order cycle Cj and
(n—k)-order path P,_;, by inserting an edge between a pendent vertex of P,_; and a vertex of Cj,. The graph {1, ; is shown
in Figure 3.1.
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Figure 3.1: The graph {l, x(3 < k < n — 2) and the unique graphs belonging to the classes 4}, ,, 5 and 4[;, ,, .

2

Theorem 3.1. If G € %, 1, with 3 <k <n —2, then
SDD(G) >2n+1,

where the equality holds if and only if G = i, i, (see Figure 3.1). Equivalently, the graph \l,, ;, uniquely attains the minimum
SDD index, which is 2n + 1, over the class % i for 3 <k <n —2.

Proof. Let r be the number of pendent paths of G. If r = 1, then G = 4L, ;, and hence
SDD(G) =2n + 1.
If r > 2, then Lemma 2.1 implies that
SDD(G) > 2n+2—3r > 2n + @ >2n+1,

which completes the proof. O
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)
Since SDD(C,,) = 2n and the SDD index of the n-order unicyclic graph with girth n — 1 is 2n + -, from Theorem 3.1 the
next two results follow; particularly, the first one of these two results was first established in [22] and the second one was
derived in [17].

Corollary 3.1. For every integer n greater than 4, the cycle graph C,, uniquely attains the minimum SDD index (which is
2n) over the class of all n-order unicyclic graphs. Equivalently, if G is an n-order unicyclic graph such that n > 5, then

SDD(G) > 2n,
with equality if and only if G = C,,.

Corollary 3.2. For every integer n greater than 4, only the graph(s) of the class {{\,, ,, : 3 < k < n — 2} attain(s) the second-
minimum value of the SDD index among all n-order unicyclic graphs, where the graph ., i, is depicted in Figure 3.1. ( The
mentioned second-minimum value of the SDD index is 2n + 1.) Equivalently, if G is an n-order unicyclic graph different
from the cycle C,, such that n > 5, then

SDD(G) > 2n+1,

with equality if and only if G € {t,, 1, : 3 <k <n—2}.

Next, we find the second-minimum value of the SDD index of the graphs belonging to the class %, ;. For this, we first
define certain graphs. Let = be the unique vertex of degree 3 in the graph {1, ; (see Figure 3.1). When k € {n — 3,n — 2},
we denote by L[ ; the class of the unique graph obtained from ,, ; by removing its unique pendent vertex and making it
adjacent with one (say y) of those two neighbors of x that lie on the cycle. The graphs ], ,, 5 and [} , _, are also depicted
in Figure 3.1.

For 3 <k < n — 4, denote by 4[], ; the class of the graph(s) obtained from the cycle Cj. by attaching two pendent paths
of lengths ¢; and ¢ at the vertices z,y € V(C}) (one at = and the other at y), where min{¢;,¢>} > 2 and zy € E(C}). For
3 <k <n -5, denote by iljl’ . the class of the graph(s) obtained from the cycle Cj and the path P,_; by inserting an edge
between a vertex x of C}, and a vertex y of P, _;, where the distance between y and each of the pendent vertices of P, is
at least 2. The general forms of the graphs belonging to (; ; and LLIL’  are shown in Figure 3.2.
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Figure 3.2: The general forms of the graphs belonging to 4 ; (left) and 11117 . (right). The length of every pendent path in
each depicted graph is at least 2.

Theorem 3.2. Let G € %, such that G 2 i, i, (see Figure 3.1).

(). If 3 <k <n—4,then

SDD(G) > 2n + g . @)

If 3 <k < n -5, then the equality in (2) holds if and only if either G € L}, ; or G € ujhk (see Figure 3.2). If k = n — 4,
then the equality in (2) holds if and only if G € 4}, .

(ii). If k =n — 3, then
7
SDD(G) > 2n + 5,
where the equality holds if and only if G € 4L}, |, 5 (see Figure 3.1).
(iii). If k = n — 2, then
SDD(G) > 2n + 3,

where the equality holds if and only if G € 4L}, |, , (see Figure 3.1).
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Proof. Let r be the number of pendent paths of G. Since G 2 {,, 4, it holds that » > 2.
(i). If r > 3, then Lemma 2.1 implies that

2 2
SDD(G)22n+§22n+%>2n+§.

Now, assume that » = 2. Then, the graph G belongs to one of the three classes of graphs as shown in Figure 3.3; that is,
G e U}, usl2 ULl . These classes are defined as follows. The class 4, , consists of the graph(s) obtained from the k-order
cycle Cj, by attaching two pendent paths at two distinct vertices =,y € V(C}) (one at = and the other at y) such that one of
the pendent paths has length ¢ and the other has length b, where a > b > 1 and ¢ + b = n — k. The class 2172) ,; consists of
the graph(s) obtained from the k-order cycle C}, by attaching two pendent paths at one vertex = € V(C}) such that one of
the pendent paths has length ¢ and the other has length b, where a > b > 1 and a + b = n — k. The class Lli ,; consists of
the graph(s) obtained from the k-order cycle graph Cj and the (a + 1)-order path graph P, by inserting a path of length
b between a vertex « € V(C}) and a non-pendent vertex y € V(P,41), wherea >2,b>1anda+b=n—k.

.........
.

.........

. .
.......

Figure 3.3: The general forms of the graphs belonging to the classes 4, ,, 42 ;, and [} ;, which are used in the proof of
Theorem 3.2(1), where 3 < k <n — 4.

Casel. G e 4 ;.
Recall that « > b > 1 and a + b = n — k. Since k < n — 4, the integers a and b cannot be simultaneously equal to 1. If
zy € E(G), then
2n+g whena >b=1,
SDD(G) =
2n+§ whena > b > 1.

If xy ¢ E(G), then

271—1—§ whena >b=1,
SDD(G) = 3

2(n+1) whena>b>1.

Case 2. G € U2 .
Note that, in this case too, the integers a and b cannot be simultaneously equal to 1. Hence, we have

2n+1—7 whena >b=1,
SDD(G) = 4

2n+3 whena>0b>1.

Case 3. G € 4} ;.
In this case, recall thata > 2,0 > 1,anda+b=n — k.
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First, assume that b = 1. Since ¥ < n — 4, we have a > 3 and hence the vertex y (that is the common vertex of the
pendent paths of ilfly ) is adjacent to at most one pendent vertex. Thus, we have

7
2n + 3 when the vertex y is adjacent to exactly one pendent vertex,
SDD(G) =

5
2n + 3 when the vertex y is not adjacent to any pendent vertex.

Next, we assume that b > 1. Then, we have
10 . . .
2n + 3 when the vertex y is adjacent to two pendent vertices,

_ 8
SDD(G) = {2n+ 2  when the vertex y is adjacent to exactly one pendent vertex,

2(n+1) when the vertex y is not adjacent to any pendent vertex.

By combining the values of the SDD index obtained in all the above cases and after an elementary comparison, we arrive
at the desired conclusion of part (i).

(ii). Since k = n — 3, we have r € {2, 3}.

Case 1. r = 3.

In the considered case, the graph G belongs to one of the three classes of graphs whose general forms are shown in Figure
34, that iS, G e H1 U H2 U Hg.
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Figure 3.4: The general forms of the graphs belonging to the classes H;, Hs, and H3, which are used in the proof of
Theorem 3.2(ii).

Subcase 1.1. G € H;.

If there is an edge between x and y, then
SDD(G) =2n + % .

If x and y are not adjacent, then

4
SDD(G) = 2n+ 23|
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Subcase 1.2. G € H,.
Note that the class Hs consists of only one graph and hence we have

SDD(G) = 2n + % .

Subcase 1.3. G € H;.
If all the three vertices x, y, and z are pairwise adjacent, then n = 6 and hence

SDD(G) =16 > 2n + g

If there is no edge between the vertices of exactly one of the pairs (z,y), (z, 2), (y, 2), then we have

1
SDD(G) = 2n + 33 .
If there is an edge between the vertices of exactly one of the pairs (z,vy), (z, 2), (v, 2), then we have
14

If all the three vertices z, y, and z are pairwise non-adjacent, then we have SDD(G) = 2n + 5.

By comparing the obtained values of the SDD index in the above three subcases, we conclude that

SDD(G) > 2n + g ,

as desired.

Case 2. r = 2.
In this case, either G' € 4}, |, 5 or the graph G is one of the three graphs shown in Figure 3.5.

........
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Figure 3.5: The graphs G1, G2, and G3 used in the proof of Theorem 3.2(ii).

On the other hand, we have

1
SDD(GQ) =2n+ Z,? 5

SDD(Gs) = 2n + 3,

and .
SDD(U) =20+ 3.

where () 3 = {U}. Consequently, we have
SDD(U) =2n+ g < SDD(G,),

for every i € {1, 2,3}, as desired.
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(iii). Note that the graph G belongs to either of the two classes of graphs, whose general forms are depicted in Figure 3.6.

.......
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Figure 3.6: The general forms of the graphs belonging to the classes J; and J, used in the proof of Theorem 3.2(iii).

Case 1. G € J;.

If the vertices = and y are non-adjacent, then
10
SDD(G) =2n + 3

If there is an edge between the vertices = and y, then G € 4, , _, and SDD(G) = 2n + 3.

Case 2. G € J».
In this case, we have
11
SDD(G) = 2n+ - .
Hence, SDD(G) > 2n + 3 with equality if and only if G € 4}, |, . O

From Corollary 3.2 and Theorem 3.2, the next result follows, which was first established in [17].

Corollary 3.3. For every integer n greater than 4, only the graph(s) of the class H* U (Uz;glﬂj“ o) U (UZ;:‘,:’ML’ ) attain(s) the
third-minimum value of the SDD index among all n-order unicyclic graphs, where H* is the n-order graph of girth n — 1
and the general forms of the graphs belonging to the classes I}, , and 11;7 , (With 3 < k < n —4) are depicted in Figure 3.2.
(The mentioned third-minimum value of the SDD index is 2n + g.) Equivalently, if G is an n-order unicyclic graph, not
belonging to {C),} U{l, 1 : 3 <k <n —2}, such that n > 5, then

SDD(G) > 2n + g
with equality if and only if G € H* U (U} Z34%, ;) U (UZ;:?ML,C)

4. Concluding remarks

We have solved, in Theorems 3.1 and 3.2, the problem of characterizing graphs attaining the first two minimum values
of the SDD index over the class of all unicyclic graphs of fixed order and with a given girth. By applying these theorems,
in Corollaries 3.1, 3.2, and 3.3, we have rediscovered the solution to the problem of determining graphs having the first
three minimum values of the SDD index over the class of all unicyclic graphs of a given order. The present study can be
extended in several ways; for instance, it would be interesting to establish the maximal versions of Theorems 3.1 and 3.2.
Also, in the survey paper [5], several open problems related to the SDD index were posed. It seems to be interesting to
address those open problems; particularly, the one concerning the characterization of the graph(s) having the minimum
SDD index over the class of all n-order unicyclic graphs with a given number of pendent vertices.

Acknowledgment

This research has been funded by the Scientific Research Deanship at the University of Hdil - Saudi Arabia through project
number RG-23 093.



P. Nithya, S. Elumalai, S. Balachandran, A. Ali, Z. Raza, and A. A. Attiya / Discrete Math. Lett. 13 (2024) 135-142 142

References

[1]
[2]
[3]

(4]
[5]

[6]
[7]
[8]
[9]
[10]

[11]
[12]
[13]
[14]
[15]
[16]
[17]
[18]
[19]
[20]
[21]
[22]
[23]
[24]

A. M. Albalahi, Maximum symmetric division deg index of cactus graphs with a fixed number of cycles and order, Appl. Math. Inf. Sci. 17 (2023) 337-341.
A. M. Albalahi, A. Ali, A. M. Alanazi, A. A. Bhatti, A. E. Hamza, Harmonic-arithmetic index of (molecular) trees, Contrib. Math. 7 (2023) 41-47.

A. M. Albalahi, D. Dimitrov, T. Réti, A. Ali, S. Hussain, Bond incident degree indices of connected (n, m)-graphs with fixed maximum degree, MATCH Commun. Math.
Comput. Chem. 92 (2024) 607-630.

A. Ali, S. Elumalai, T. Mansour, On the symmetric division deg index of molecular graphs, MATCH Commun. Math. Comput. Chem. 83 (2020) 205-220.

A. Ali, I. Gutman, I. Redzepovié, A. M. Albalahi, Z. Raza, A.E. Hamza, Symmetric division deg index: extremal results and bounds, MATCH Commun. Math. Comput.
Chem. 90 (2023) 269-299.

J. A. Bondy, U. S. R. Murty, Graph Theory, Springer, Berlin, 2008.

G. Chartrand, L. Lesniak, P. Zhang, Graphs & Digraphs, CRC Press, Boca Raton, 2016.

K. C. Das, Proof of a conjecture on symmetric division deg index of graphs, MATCH Commun. Math. Comput. Chem. 92 (2024) 643-652.
K. C. Das, M. Mateji¢, E. Milovanovi¢, I. Milovanovi¢, Bounds for symmetric division deg index of graphs, Filomat 33 (2019) 683-698.

B. Furtula, K. C. Das, I. Gutman, Comparative analysis of symmetric division deg index as potentially useful molecular descriptor, Int. J. Quantum Chem. 118 (2018)
#e25659.

M. Ghorbani, S. Zangi, N. Amraei, New results on symmetric division deg index, J. Appl. Math. Comput. 65 (2021) 161-176.

I. Gutman, B. Furtula (Eds.), Novel Molecular Structure Descriptors — Theory and Applications I, Univ. Kragujevac, Kragujevac, 2010.

I. Gutman, B. Furtula (Eds.), Novel Molecular Structure Descriptors — Theory and Applications II, Univ. Kragujevac, Kragujevac, 2010.

F. Harary, Graph Theory, Addison-Wesley, Boston, 1969.

H. Liu, Y. Huang, Sharp bounds on the symmetric division deg index of graphs and line graphs, Comp. Appl. Math. 42 #285.

J. L. Palacios, New upper bounds for the symmetric division deg index of graphs, Discrete Math. Lett. 2 (2019) 52-56.

Y. Pan, J. Li, Graphs that minimizing symmetric division deg index, MATCH Commun. Math. Comput. Chem. 82 (2019) 43-55.

A. Rajpoot, L. Selvaganesh, Bounds of the symmetric division deg index for trees and unicyclic graphs with a perfect matching, Iranian J. Math. Chem. 11 (2020) 141-159.
X. Sun, Y. Gao, J. Du, On symmetric division deg index of unicyclic graphs and bicyclic graphs with given matching number, AIMSS Math. 6 (2021) 9020-9035.
R. Todeschini, V. Consonni, Handbook of Molecular Descriptors, Wiley-VCH, Weinheim, 2000

N. Trinajsti¢. Chemical Graph Theory, CRC Press, Boca Raton, 1992.

A. Vasilyev, Upper and lower bounds of symmetric division deg index, Iranian J. Math. Chem. 5 (2014) 91-98.

D. Vukiéevié, M. Gasperov, Bond additive modeling 1. Adriatic indices, Croat. Chem. Acta 83 (2010) 243-260.

S. Wagner, H. Wang, Introduction to Chemical Graph Theory, CRC Press, Boca Raton, 2018.



	Introduction
	Preliminaries
	Results
	Concluding remarks

